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Language Models: Recap
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Alice was beginning to get very tired of  sitting by her sister on the bank, and of  

having nothing to do: once or twice she  had peeped into the book her sister was  

reading, but it had no pictures or  conversations in it, 'and what is the use  of a book,' 

thought Alice 'without  pictures or conversation?'

P(of | tired) = 1

P(of | use) = 1

P(sister | her) = 1

P(beginning | was) = 1/2

P(reading | was) = 1/2

P(bank | the) = 1/3

P(book | the) = 1/3

P(use | the) = 1/3

Example of a Bigram Language Model
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Generating Shakespeare
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Masked Language Models

Mask 15% of the input words and predict the masked words.
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Pre-training and Fine-tuning

One encoder learns language patterns, then adapts to a labeled task.

Pre-training Fine-tuning
Unlabeled text Training label: positive

The cat sat on the [MASK].

BERT encoder

[MASK] state

Vocabulary head

mat   72%
floor  18%       all other words  10%

Reuse weights
BERT encoder

[CLS] state

A surprisingly good film.

Classification head

positive   85%
negative  15%

Update

weights

Illustrative probabilities. Fine-tuning updates the encoder and its task head together.
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Three Pre-training Architectures

Architecture determines the available context and the pre-training objective.

Stanford CS224N, Lecture 9: Pretraining (2023)

Bidirectional context

Representation learning

Source encoding and target generation

Conditional pre-training

Causal context

Autoregressive language modeling
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Typical NLP Applications

Four output structures, four different prediction problems.

Input text Shared contextual 

encoder

1 Sentence classification
This film feels warm.

Positive

2 Word segmentation
南京市长江大桥

南京市 / 长江大桥

3 Span prediction
Where was Marie Curie born?

Warsaw, Poland

4 Natural Language Generation
Translate：我 喜欢这部电影

I like this movie

A task head or decoder turns contextual representations into the required output.

Reading: BERT: Pre-training of Deep Bidirectional Transformers for Language Understanding 9



Sentence-level Classification

One sentence produces one class label. TASK 1

Input This film feels warm

Shared contextual encoder

Context vectors

Mean pooling

Sentence vector

Classification head Positive

Pooling combines the token axis. The head predicts scores for the sentiment classes.

Reading: BERT: Pre-training of Deep Bidirectional Transformers for Language Understanding 10



Word Segmentation

Predict a boundary tag for each character. TASK 2

Characters 南 京 市 长 江 大 桥

Shared contextual encoder

Contextual vectors

Shared tag prediction head

Boundary tags B​ I  E​​​ B​​​​ I​​​​​ I​​​​​​ E​​​​​​​

Segmented words 南 京 市 长 江 大 桥

Word 1: 南京市 Word 2: 长江大桥

B = beginning    I = inside    E = ending    S = a single-character word

Reading: Chinese Word Segmentation as Character Tagging 12



Example:

https://aclanthology.org/2020.acl-main.247.pdf

Span Prediction
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Span Prediction

Where was Marie Curie born? TASK 3

Wikipedia evidence
1​​​​​​​​​​​

Marie

2​​​​​​​​​​​​

Curie

3​​​​​​​​​​​​​

was

4​​​​​​​​​​​​​​

born

5​​​​​​​​​​​​​​​

in

6​​​​​​​​​​​​​​​​

Warsaw,

7​​​​​​​​​​​​​​​​​

Poland

Shared contextual encoder

Start head End head
6 Warsaw:  0.60

7 Poland:   0.25

6 Warsaw:  0.25

7 Poland:   0.65

Candidate spans End 6: Warsaw End 7: Poland

Start 6: Warsaw

Start 7: Poland

Warsaw
0.60 × 0.25 = 0.1500

Warsaw, Poland
0.60 × 0.65 = 0.3900  (best valid)

Invalid: start > end
0.25 × 0.25 = 0.0625  → discard

Poland
0.25 × 0.65 = 0.1625

Top two boundaries per head shown. Rank valid pairs by P(start) × P(end).

Reading: SQuAD: 100,000+ Questions for Machine Comprehension of Text 14



Translation: Generate One Token at a Time

Predict from the current prefix, then append the new token. TASK 4

Source 我 喜欢 这部 电影 Shared contextual encoder

Source context

Target prefix

<s>
Decoder +

vocabulary prediction head

Next token

Append to the fixed prefix

I

I

like

like

this

this

movie

movie

<EOS>Stop at <EOS>

Every prediction uses the source context and only the target tokens already generated.

Reading: Convolutional Sequence to Sequence Learning 15



Building a Contextual Encoder

The architecture determines how tokens exchange information.

Shared contextual encoder

Word

embeddings

Mix token

information

Transform

features

A vector per token Local, recurrent or global Learned nonlinear maps

Input tokens

1  Sentence label 2  Character tags 3  Start + end 4  Generated text

MLPs, CNNs, RNNs and Transformers use different rules for building these representations.

Reading: A Neural Probabilistic Language Model 16



Neural Network Architectures

Recurrent network

TransformerConvolutional network

Multilayer perceptron

17



Why Transformer?
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Semantic Abstraction

Pixels, textures, regions, objects, relations and semantics

Ma et al. (2017), Robust Visual Tracking via Hierarchical Convolutional Features

像素、纹理、区域、物体、关系与语义
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Neural network layers

Neural network layers

Neural network layers

Neural network layers

Input:   I think therefore I  

Output:   am

…...

Abstraction Across Network Layers

Neural network layers
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Semantic Composition

Semantic composition combines word meanings to interpret a phrase or sentence.

Ivory tower (象牙塔)Tower (塔)Ivory (象牙)

Composition requires token interaction.
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Composition and Abstraction

Token level

Feature level:

word vector

Composition w/ token interaction
Nonlinear abstraction within each token

I think therefore I am
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Combining Composition and Abstraction

Concatenate the context, then apply an MLP

Complexity: O(D²L²)

Yoshua Bengio et.al A Neural Probabilistic Language Model.  NIPS 2003

Input: 

Output: 

24



Mean Pooling in CBOW

A variant of MLP (e.g. CBoW)

Complexity: O(D²)

Mean pooling (token interaction) in 

the first layer

Remove token interaction in 

deeper layers

Mikolov et al. (2013), Efficient Estimation of Word Representations in Vector Space
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Inductive Bias in Composition

Definition: The inductive bias (a.k.a learning bias) of a learning algorithm is the set of assumptions that a 

machine learning algorithm makes about the relationship between input variables (features) and output 

variables (labels) based on the training data.

How we believe tokens should be interacted as the 

inductive bias, also considering semantic abstraction simultaneously?
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Local and Recurrent Composition

CNN: local composition within a window

RNN: recurrent composition along the sequence
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Limitations of CNNs and RNNs

CNN: local composition

Long-range interaction requires multiple layers or larger windows.

RNN: recurrent composition
Distant information must survive repeated state updates.
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Long-range Token Interaction

Ge et al. (2021), Chinese WPLC: A Chinese Dataset for Evaluating Pretrained Language Models

on Word Prediction Given Long-Range Context

上下文：随后他立即想到自己为什么如此气愤——他之所以气愤，是因为他害怕了。

在他个人处于巨大危险的情况下，贝思抛弃了他。在海底深处只剩下他们三个人，
他们互相需要——他们得互相依靠。
目标句：然而贝思不可信赖，这使他感到害怕，而且
目标词：气愤

上下文：公主喜欢出宫打猎，雷章采便和公主从中原武功谈到中土风物，不但显示
风流文采，还极尽体贴周到，公主就对他心生好感了。与此同时，他又物色了一个
美貌妓女去勾引准驸马，让公主亲眼见了准驸马的下流丑态。
目标句：公主一怒之下，回宫禀告，就此废了这个
目标词： 驸马
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Weaker Inductive Bias

How can we compose tokens freely, with fewer structural constraints?

Let data determine more of the token interactions.

“general methods that leverage computation are ultimately

the most effective, and by a large margin.”

Rich Sutton · The Bitter Lesson · March 13, 2019

Weaker constraints still leave design choices about representation and learning.
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Global Token Interaction

How does the attention mask differ between BERT and GPT?
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Separating Composition and Abstraction

SAN: composition

FFN: abstraction

…...

SAN: composition

FFN: abstraction

Token  level:   I       think    therefore    I         am

Feature level:

word vector

Token interactionSAN

FFN

32
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Multilayer Perceptron

An MLP stacks fully connected layers and nonlinear activations.
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Fully-connected (FC) layers:

All the units from one layer are 

fully connected to every unit of 

the next layer.

Feed-forward NNs

• The units are connected with no cycles
• The outputs from units in each layer are passed to units in the next higher layer. 

No outputs are passed back to lower layers

35



From Word Embeddings to a Classifier

Concatenate embeddings, transform the vector, then classify.

Token embeddings Concatenate

This

film

feels

warm 𝑥

One long vector

Hidden

layer 1

ℎ1

Hidden

layer 2

ℎ2

Classification

head

Positive

Concatenation preserves every component in token order; each hidden layer outputs a vector.

Reading: A Neural Probabilistic Language Model 36



Learning from Prediction Error

The loss measures error. Gradients guide the parameter update.

Same training example; target = Positive

1  Loss 2  Gradients 3  Update 4  Predict again

P(Positive) = 0.40

Loss = 0.93

Cross-entropy

𝑔 = ∇𝜃 𝐿

Chain rule through

every trainable layer

𝜃 ← 𝜃 − η 𝑔

Gradient descent

Take a small step

against the gradient

P(Positive) = 0.81

Loss = 0.21

Closer to the target

The input stays the same. The learned parameters change.

Reading: Forward Propagation, Backward Propagation, and Computational Graphs 37



Challenges in Neural Network Training

Different failures call for different interventions.

Challenge What goes wrong Typical response

Vanishing or

exploding gradients

Earlier layers receive tiny

or unstable learning signals.

Residual paths, suitable activations,

normalization and gradient clipping.

Poor initialization
Activations or gradients start

at an unhelpful scale.

Use an initialization suited

to the layer and activation.

Slow / unstable

optimization

Updates oscillate, overshoot

or make little progress.

Tune the learning rate, optimizer

and schedule.

Overfitting
Training loss improves while

held-out performance worsens.

Use validation, regularization,

more data and early stopping.

Training cost
Memory and compute limit

the experiments we can run.

Efficient architectures, batching,

precision and implementation.

Architecture, optimization and generalization require separate diagnoses.

Reading: Dive into Deep Learning, Chapter 5: Multilayer Perceptrons 38



Why Sequence Models?

Language varies in length, position and contextual dependence.

Variable length

“good”

“a surprisingly good film”

Reuse a computation as the 

sequence grows.

Patterns at many positions

“not good”

“the ending was not good”

Share parameters across token 

positions.

Context beyond one window

“The film was not, despite its

beautiful images, good.”

Choose how information travels 

between words.
CNN: local     RNN: recurrent

Attention: content-dependent

These choices organize representations. Training still needs sound optimization and regularization.

Reading: A Neural Probabilistic Language Model; Convolutional Sequence to Sequence Learning 39



A Neural Probabilistic Language Model

Bengio et al. (2003), A Neural Probabilistic Language Model. JMLR 3:1137–1155.

Bengio et al. (2003)

Yoshua Bengio

Word embeddings let similar words

share statistical strength.

An MLP maps a fixed context

to a next-word distribution.

40



A neural network models a distribution over the next word.

P(w | I am a good …)

P(w | I am a great …)

Word embeddings share information:

e(good) ≈ e(great)

Similar contexts can yield similar distributions.

Generalization Through Word Embeddings

Bengio et al. (2003), A Neural Probabilistic Language Model
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From MLPs to Sequence Architectures

A connection rule determines how information moves between tokens.

MLP

CNN

RNN

x₁ x₂ x₃ x₄ MLP
Fixed input layout

Token order comes from

how the input is arranged.

x₁ x₂ x₃ x₄ x₅ x₆

Shared local window

Local patterns

The same filter is reused

at different positions.

RNN RNN RNN RNN

State passes along the sequence

Sequential memory

One shared update combines

the current token with history.

Bengio et al. (2003), A Neural Probabilistic Language Model. Kim (2014), Convolutional Neural

Networks for Sentence Classification. Elman (1990), Finding Structure in Time. 42
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Convolution: Multiply, Then Sum

At each time， it only perceives part of the input.
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Convolution: Multiply, Then Sum

One 3 × 3 patch and one shared filter produce one response.

Image

16 × 16 grayscale grid

Patch values Filter weights

2 2 3

1 3 2

3 2 1

-1 0 1

-2 0 2

-1 0 1

×

Elementwise products

-2 0 3

-2 0 4

-3 0 1

=

(−2 + 0 + 3) + (−2 + 0 + 4) + (−3 + 0 + 1) = 1

One output value

The yellow square selects the input patch used in the calculation.Read corresponding patch and filter entries. The filter weights stay shared.Multiply matching entries. Negative weights can subtract evidence.Add the nine products. With zero bias, this patch gives a response of 1.

Complete response map

The same filter is reused

at every valid image position. 14 × 14 positions

Repeat at each position: stride 1 and no padding give 14 × 14 responses.

Stanford CS231n, Convolutional Neural Networks. Photograph: Stefan van der Walt, Chelsea (CC0).
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2D and 1D Convolution: Move the Window

Both reuse one filter. Only the axes that represent position are different.

Image: width and height Text: token positions
Embedding features

The

movie

was

really

very

good

width

height

position

Start with one image patch and the first three-token window.Click 1: image moves right; text advances one token. The weights are unchanged.Click 2: image moves down; text advances one token again.Click 3: another image position; text now covers really, very, good.

Kim (2014), Convolutional Neural Networks for Sentence Classification. EMNLP.
46



From Classification to Autoregressive Generation

Predict one word, append that word, then compute the next prediction.

Classification

The movie was good. CNN + pooling Class head positive

Generation

The movie was Causal CNN
Decoding

Head

Next word

goodgood .. </s>

The classifier reads a complete sentence and returns one label.1  Predict good from the available prefix The movie was.2  Copy good into the prefix. The previous prediction is consumed.3  Recompute from The movie was good, then predict punctuation.4  Append punctuation before starting another prediction.5  Predict the end token and stop. Future words never enter the earlier prefix.

Gehring et al. (2017), Convolutional Sequence to Sequence Learning. ICML.
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ConvS2S: Predict, Append, Repeat

Task 4: the source stays fixed while the target prefix grows.

我 喜欢 这部 电影

Convolutional encoder

Source representations

Available target prefix

<s>

Causal convolutional decoder
Attention

Decoding Head I

I

Predict I using only the source and the current target prefix.Append I. Only now may the next prediction use it.

like

like

Predict like using only the source and the current target prefix.Append like. Only now may the next prediction use it.

this

this

Predict this using only the source and the current target prefix.Append this. Only now may the next prediction use it.

movie

movie

Predict movie using only the source and the current target prefix.Append movie. Only now may the next prediction use it.

</s>

The completed prefix predicts </s>. Translation stops.

Gehring et al. (2017), Convolutional Sequence to Sequence Learning. ICML.
48



ConvS2S in the Original Paper

Figure 1 shows parallel teacher-forced training, not simultaneous generation.

1  Source encoder

Convolutions build contextual source features.

2  Causal target decoder

Shifted gold targets supply the prefix.

Each position still excludes future tokens.

3  Attention and prediction

Every decoder position reads the source

and predicts its next target word.

Gehring et al. (2017), Convolutional Sequence to Sequence Learning. ICML. Figure 1, p. 3.
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hidden states

input sequence  (any 

length)

…

…

…

Core idea: Apply the same  

weights 𝑊 repeatedly

outputs  

(optional)

RNN
Recurrent Neural Network



A Simple RNN Language Model

The  students opened theirwords / one-hot vectors

book

s lapto

ps

word embeddings

a zo

o

output distribution

Note: this input sequence could be much  longer now!

hidden states

is the initial hidden state



RNN Language Models

the  student opened their

book

s lapto

ps

a zo

o

RNN Advantages:

• Can process any length input

• Computation for step t can (in

theory) use information from  many steps back

• Model size doesn’t increase for  longer input context

• Same weights applied on every

timestep, so there is symmetry  in how inputs are 

processed.

RNN Disadvantages:

• Recurrent computation is slow

• In practice, difficult to access

information from many steps

back

More on  

these 

later



Training an RNN Language Model

= negative log prob  of “students”

Loss

Predicted  prob dists

…

Corpus the students opened their exams …



Training an RNN Language Model

+ + + + …

=

…

Loss

Predicted  prob dists

“Teacher forcing”

Corpus the students opened their exams …



RNN: A New Context Vector at Every Step

Each step combines a token embedding with the previous hidden vector.

Token

eₜ

h₀

0

0

0

The

0.2 0.6 -0.1

RNN

h₁

0.2

0.5

-0.1

movie

0.7 -0.2 0.3

RNN

h₂

0.7

0.0

0.3

was

-0.3 0.4 0.5

RNN

h₃

0.0

0.4

0.6

good

0.5 0.1 0.8

RNN

h₄

0.5

0.3

0.8

ℎ𝑡 = tanh(𝑊ℎ ℎ𝑡−1 +𝑊𝑥 𝑒𝑡 + 𝑏)

Same Wₕ, Wₓ and b at every step

Elman (1990), Finding Structure in Time. Cognitive Science. Demonstration values, rounded to one decimal.
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Teacher Forcing and Free-Running Generation

Training appends the gold token whether the prediction is correct or wrong.

Current prefix Prediction Gold token Next prefix

Train: 

correct
I like like Ilike like

Train: 

wrong
I love like Ilike like

Test I love — I love

Bengio et al. (2015), Scheduled Sampling for Sequence Prediction with Recurrent Neural Networks. NeurIPS.
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LSTM: Keep, Write and Expose Memory

Vector gates (0–1) control what memory is kept, written and exposed.

𝑐𝑡−1 ⊙ +

⊙ ⊙

tanh

𝑞𝑡 = [ℎ𝑡−1; 𝑥𝑡]

Each ⊙ multiplies corresponding vector coordinates.

σ Forget σ Input σ Outputtanh Candidate

𝑓𝑡 𝑖𝑡 𝑔𝑡 𝑜𝑡

𝑓𝑡 = σ(𝑊𝑓 𝑞𝑡 + 𝑏𝑓) 𝑖𝑡 = σ(𝑊𝑖 𝑞𝑡 + 𝑏𝑖)

𝑔𝑡 = tanh(𝑊𝑔 𝑞𝑡 + 𝑏𝑔) 𝑜𝑡 = σ(𝑊𝑜 𝑞𝑡 + 𝑏𝑜)

𝑐𝑡

𝑐𝑡 = 𝑓𝑡 ⊙ 𝑐𝑡−1 + 𝑖𝑡 ⊙ 𝑔𝑡

tanh

ℎ𝑡

ℎ𝑡 = 𝑜𝑡 ⊙ tanh(𝑐𝑡)

Kute, GRU and LSTM. Hochreiter & Schmidhuber (1997), Long Short-Term Memory.

Gers et al. (2000), Learning to Forget: Continual Prediction with LSTM. 53



GRU: Reset, Then Blend

Reset controls the candidate. Update blends old and new.

Retain old state

ℎ𝑡−1

𝑥𝑡

⊙

⊙

⊙ +

Reset

σ 𝑟𝑡 Update σ
𝑧𝑡

1 − 𝑧𝑡
Candidate

Affine

+ tanh

ǁℎ𝑡 ℎ𝑡

Same context: 𝑞𝑡 = [ℎ𝑡−1; 𝑥𝑡] 𝑟𝑡 = σ(𝑊𝑟𝑞𝑡 + 𝑏𝑟) 𝑧𝑡 = σ(𝑊𝑧𝑞𝑡 + 𝑏𝑧)

ǁℎ𝑡 = tanh(𝑊𝑥𝑥𝑡 +𝑊ℎ(𝑟𝑡 ⊙ ℎ𝑡−1) + 𝑏ℎ)

ℎ𝑡 = 𝑧𝑡 ⊙ ℎ𝑡−1 + (1 − 𝑧𝑡) ⊙ ǁℎ𝑡 ⊙ means element-wise multiplication

Cho et al. (2014), Learning Phrase Representations using RNN Encoder–Decoder
for Statistical Machine Translation 54



RNN, LSTM and GRU: What the Gates Control

Each gate has one role in retaining, writing or exposing information.

Mechanism RNN LSTM GRU

Stored state h c and h h

Retain history Implicit update Forget gate f Update gate z

Write content Whole candidate Input gate i 1 − z blends candidate

Shape candidate Input + old h Input + old h Reset gate r

Expose output State h Output gate o State h

Convention: h new = z × h old + (1 − z) × candidate.

Gers et al. (2000), Learning to Forget: Continual Prediction with LSTM. Cho et al. (2014), Learning

Phrase Representations using RNN Encoder–Decoder for Statistical Machine Translation. 55



RNN Depth and Direction

A recurrent cell can be stacked across layers or run in both directions.

Stacked layers Bidirectional encoding

RNN

The

RNN

movie

RNN

was

RNN

good

RNN

The

RNN

movie

RNN

was

RNN

good

RNN RNN RNN RNN

Each layer transforms the sequence.

RNN RNN RNN RNN

Both directions inform each position.

RNN, LSTM and GRU cells can use these layouts. Bidirectional encoding requires both past and future words.
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Mamba: Selective State Updates

Each token selects how the model writes, retains and reads its memory.

1  Input-dependent selection 2  Update a fixed-size state 3  Read useful features

Gu & Dao (2023). Mamba: Linear-Time Sequence Modeling with Selective State Spaces.

Figure 1. Original paper diagram; teaching highlights added separately.
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RWKV: Recurrent Inference

Time mixing carries a compact memory from one token to the next.

1  Pass a recurrent state

across tokens.

2  Keys weight values.

Learned decay discounts history.

3  Receptance gates the read.

Channel mixing transforms features.

Fixed state size in context length;

linear work over the sequence.

Peng et al. (2023). RWKV: Reinventing RNNs for the Transformer Era.

Findings of EMNLP 2023, Figure 3.
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Backpropagation Through Time (BPTT)

The final loss sends a correction through each earlier state transition.

ℎ𝑡 = 𝑓(𝑊 ℎ𝑡−1 + 𝑈 𝑥𝑡 + 𝑏)
State-transition Jacobian

𝐽𝑡 =
𝜕 ℎ𝑡
𝜕 ℎ𝑡−1

h₁
J₂

h₂
J₃

h₃
J₄

h₄ L

gₜ is the gradient of the loss with respect to the hidden vector hₜ.

𝑔4 =
𝜕 𝐿

𝜕 ℎ4
𝑔3 = 𝐽4

𝑇 𝑔4𝑔2 = 𝐽3
𝑇 𝑔3 = 𝐽3

𝑇 𝐽4
𝑇 𝑔4𝑔1 = 𝐽2

𝑇 𝑔2 = 𝐽2
𝑇 𝐽3

𝑇 𝐽4
𝑇 𝑔4

Forward: the same recurrent parameters build h₁, h₂, h₃ and h₄.Start at the loss. g₄ tells how changing the last state would change L.One step backward: J₄ᵀ maps the arriving gradient from h₄ to h₃.Compose another local map. Matrix order follows the path backward.Repeated Jacobian products can contract or amplify gradients; shared-weight contributions add.

Pascanu, Mikolov & Bengio (2013), On the Difficulty of Training Recurrent Neural Networks. ICML.
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Problems with RNNs: Vanishing and Exploding Gradients
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Vanishing gradient intuition

?
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chain rule!

Vanishing gradient intuition
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chain rule!

Vanishing gradient intuition
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chain rule!

Vanishing gradient intuition
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What happens if these are small?

Vanishing gradient problem:  

When these are small, the gradient  

signal gets smaller and smaller as it  

backpropagates further

Vanishing gradient intuition
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Is vanishing/exploding gradient just an RNN problem?

For example:

• Residual connections aka “ResNet”

• Also known as skip-connections

• The identity connection  

preserves information by default

• This makes deep networks much 

easier to train

• No! It can be a problem for all neural architectures (including feed-forward and 

convolutional), especially very deep ones.

• Due to chain rule / choice of nonlinearity function, gradient can become vanishingly small as it  

backpropagates

• Thus, lower layers are learned very slowly (i.e., are hard to train)

• Another solution: lots of new deep feedforward/convolutional architectures add more  

direct connections (thus allowing the gradient to flow)

"Deep Residual Learning for Image Recognition", He et al, 2015. 

https://arxiv.org/pdf/1512.03385.pdf 66



Gradient Flow With and Without Residuals

Same local Jacobian and incoming gradient in both comparisons.

Without residual 𝑦 = 𝐹(𝑥)
x

F
F

𝐽𝐹 = 0.1𝐼

y

𝑔𝑦
1​ −1​​

𝑔𝑥

With residual 𝑦 = 𝑥 + 𝐹(𝑥)
x

F
F

𝐽𝐹 = 0.1𝐼

+

Identity shortcut

𝑔𝑦

y

𝑔𝑦
1​​​ −1    

𝑔𝑥

Only the transformed term

𝑔𝑥 = 0.1​​​​​ −0.1​​​​​​

𝑔𝑥 = 𝐽𝐹
𝑇𝑔𝑦

Direct term + transformed term

1       −1​​​​​​​​ + 0.1​​​​​​​​​ −0.1​​​​​​​​​​ = 1.1​​​​​​​​​​​ −1.1​​​​​​​​​​​​

𝑔𝑥 = 𝑔𝑦 + 𝐽𝐹
𝑇𝑔𝑦

The correction can reach earlier layers without passing through F.

He et al. (2016). Deep Residual Learning for Image Recognition.

Pascanu et al. (2013). On the difficulty of training recurrent neural networks. 67



CNNs and RNNs: Task Comparisons

Yin et al. (2017), Comparative Study of CNN and RNN for Natural Language Processing

68



Lecture Roadmap

1 NLP tasks and representations

2 Inductive bias: semantic abstraction and composition

3 Architectures for Neural representations

3.1 Multilayer perceptrons

3.2 Convolutional networks

3.3 Recurrent networks

3.4 Transformer

4 Scaling laws and emergence
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Transformer Components

Encoder and decoder

Self-attention and cross-attention

Multiple attention heads

Position information

Residual and feed-forward layers
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The Transformer Architecture

ENCODER DECODER

Embeddings + position

The students opened their books

Self-attention

Add + Norm

Feed-forward layer

Add + Norm

Repeat N times

Embeddings + position

<START> Les étudiants ont ouvert

Masked self-attention

Add + Norm
Q

Cross-attention

Add + Norm

K, V

Encoder output

Feed-forward layer

Add + Norm

Linear + softmax

× N

Cross-attention asks with the decoder state and reads from the encoder output.
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encoder
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encoder

decoder
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Position embeddings are added to each  word embedding. 

Otherwise, since we  have no recurrence, our model is 

unaware  of the position of a word in the sequence!
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Residual connections, which mean that we  add the input 

to a particular block to its  output, help improve gradient 

flow
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A feed-forward layer on top of the attention- weighted 

averaged value vectors allows us  to add more parameters / 

nonlinearity
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We stack as many of these  Transformer blocks on 

top of each  other as we can (bigger models are  

generally better given enough data!)
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Moving onto the decoder, which  takes 

in English sequences that  have been 

shifted to the right  (e.g., <START> 

schools opened  their)
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We first have an instance of  masked 

self attention. Since  the decoder is 

responsible  for predicting the English  

words, we need to apply  masking as 

we saw before.
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We first have an instance of  masked 

self attention. Since  the decoder is 

responsible  for predicting the English  

words, we need to apply  masking as 

we saw before.

Why don’t we do  masked 

self-attention  in the 

encoder?
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Now, we have cross attention,  which 

connects the decoder to  the encoder by 

enabling it to  attend over the encoder’s 

final  hidden states.
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After stacking a bunch of  these 

decoder blocks, we  finally have our 

familiar  Softmax layer to predict  

the next English word
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Between-token 

interaction 

Token 

abstraction 

https://jalammar.github.io/illustrated-transformer/
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Multi-faced token representation (QKV)
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Key-value interaction between tokens
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Normalize the Key-value interaction as attention (a probability distribution)

p.s. why softmax makes a probability distribution? 89
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Self-attention (in encoder)

Q

K

V

Layer p

[Vaswani et al. 2017]

Nobel   committee   awards   Strickland        who     advanced optics 91



Q

K

V

Layer p

[Vaswani et al. 2017]

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics 92



Q

K

V

Layer p

optics  

advanced

who  

Strickland  awards  

committee

Nobel

[Vaswani et al. 2017]

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics 93



optics  

advanced

who  

Strickland  

awards  

committee

Nobel

Layer p

A

Q

K

V

[Vaswani et al. 2017]

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics 94



Layer p

[Vaswani et al. 2017]

A

Q

K

V

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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Layer p

[Vaswani et al. 2017]

A

Q

K

V

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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Layer p

M

[Vaswani et al. 2017]

A

Q

K

V

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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Layer p

M

[Vaswani et al. 2017]

A

Q

K

V

Self-attention (in encoder)

Nobel   committee   awards   Strickland        who     advanced optics

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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Multi-head self-attention

Layer p

MH  

M1

[Vaswani et al. 2017]

A

Q

K

V

Nobel   committee   awards   Strickland        who     advanced optics

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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Layer p

MH  

M1

[Vaswani et al. 2017]

Nobel   committee   awards   Strickland        who     advanced optics

A

Q

K

V

Multi-head self-attention

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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MH  

M1

Layer 
p  

p+1

Feed Feed Feed Feed Feed Feed Feed
Forward Forward Forward Forward Forward Forward Forward

[Vaswani et al. 2017]

A

Q

K

V

Multi-head self-attention

Nobel   committee   awards   Strickland        who     advanced optics

optics  

advanced

who  

Strickland  

awards  

committee

Nobel
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Transformer positional encoding

Positional encoding is a 512d vector

i = a particular dimension of this vector

pos = dimension of the word

d_model = 512
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Intuitive example

https://kazemnejad.com/blog/transformer_architecture_positional_encoding/ 103



What does this look like?
(each row is the pos. emb. of a 50-word sentence)

https://kazemnejad.com/blog/transformer_architecture_positional_encoding/ 104



Sinusoidal Position Vectors

The same word receives a different position vector at each location.

Same word: “books”

Word embedding
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q at m = 2     k at n = 5

Rotate by 30° and 75°
θ = 15° per position
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75°

Relative offset: n − m = 3

Total angle = 30° content + 45° position
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qk
75°

0

q
k

75°

0

q
k 75°

0

q

k 75°

0

q

k 75°

q at m = 4     k at n = 7

Both shift by two positions

The relative angle stays 75°

(𝑅𝑚 𝑞)𝑇(𝑅𝑛 𝑘) = 𝑞𝑇 𝑅𝑛−𝑚 𝑘

Same content + same offset

gives the same dot product.

Su et al. (2021). RoFormer: Enhanced Transformer with Rotary Position Embedding.

Section 3.2. The angular rate here illustrates one two-dimensional feature pair.
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Kimi Linear Without Explicit Position Embeddings

Ordered recurrent updates already carry information about token order.

1  KDA updates memory in order.

Changing token order changes the state.

2  Learned channel-wise decay

controls how far history persists.

3  Three KDA layers precede one MLA.

MLA reads their contextual outputs.

This model supplies order through KDA.

MLA uses no explicit position encoding.

Kimi Team (2025). Kimi Linear: An Expressive, Efficient Attention Architecture.

Figure 3 and Sections 4, 6.1. N = 3 in the paper.
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Transformer Variants
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The Cost of Full Attention

Full self-attention compares every pair of 

positions.

Its attention matrix grows quadratically with 

sequence length.

The cost can dominate for long contexts.
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Quadratic Attention Complexity

Self-attention can process positions in parallel. Its pairwise computation grows 

quadratically with sequence length.

𝑄𝐾𝑇 ∈ ℝ𝑛 × 𝑛 𝐶𝑜𝑠𝑡: 𝑂(𝑛2𝑑)

n is the sequence length. d is the representation dimension.

Illustration with d around 1,000

A short sentence with n ≤ 30 has at most 900 token pairs.

A context limit such as n = 512 keeps the matrix manageable.

A long document with n ≥ 50,000 needs far more pairwise work.
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Sequence length / batch size
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Linformer: Compressed Attention

Can we reduce the all-pairs attention cost?

Linformer compresses keys 

and values along the 

sequence dimension before 

attention.

Wang et al. (2020), Linformer: Self-Attention with Linear Complexity
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Beltagy et al. (2020), Longformer: The Long-Document Transformer

Zaheer et al. (2020), Big Bird: Transformers for Longer Sequences

Sparse patterns reduce the number of token pairs.

Longformer and Big Bird: Sparse Attention
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Attention Cost in the Full Model

Total cost depends on model width, sequence length and implementation.

Attention may not dominate at every scale.

A cheaper attention mechanism must also preserve model quality.

Long contexts make efficient alternatives increasingly relevant.
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Do Transformer Modifications Transfer?

Most modifications did not improve performance consistently in the study’s evaluated 

settings.

Narang et al. (2021), Do Transformer Modifications Transfer Across Implementations and Applications?
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Dosovitskiy et al. (2021), An Image Is Worth 16 × 16 Words: Transformers for Image Recognition at Scale

Yuan et al. (2021), Tokens-to-Token ViT: Training Vision Transformers from Scratch on ImageNet

Vision Transformer
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Peebles et al. (2022), Scalable Diffusion Models with Transformers

DiT replaces the U-Net backbone with a Transformer in a diffusion model.

Diffusion Transformer
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π₀: Continuous Action Generation

The action expert refines an entire future action chunk under visual and language context.

One action coordinate

Future action time

Noisy chunk

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Flow updates

Future action time

Coordinated actions

50 future control vectors; 10 flow steps refine the whole chunk.

Black et al. (2024). π₀: A Vision-Language-Action Flow Model for General Robot Control.

Figure 3 and Section IV. The small trajectory is schematic, not a robot recording.
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Huang et al. (2019), Music Transformer: Generating Music with Long-Term Structure

Music Transformer
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Why Pretraining + Transformers

1. Because transformers are more efficient?

Transformers are slower than LSTMs with the same number of parameters.

2. Because transformers are better at machine translation?

RNNs and CNNs are equally good at machine translation.

3. Because transformers use nothing but attention?

So what?

4. Because transformers learn contextualized word embeddings?

RNNs can also learn contextualized word embeddings (see ELMo).

Original lecture discussion · Credit: Zhilin Yang, Recurrent AI
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Why Pretraining + Transformers

❖ Capacity: The model has sufficient expressive capabilities

❖ Optimization: Can optimize and obtain better solutions in a huge 

expression space

❖ Generalization: Better solutions can generalize on test data

Scalability: Transformers scale much better with more parameters
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Understanding Transformer Components
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What changes if we remove or replace:

- Self-attention

- Feed-forward layers

- Position embeddings

- Other architectural components

Transformer Component Ablations
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Pure Attention Without Feed-forward Layers

Dong et al. (2021), Attention Is Not All You Need:

Pure Attention Loses Rank Doubly Exponentially with Depth
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Token Mixing Without Self-attention

At least it works for computer vision.

Tolstikhin et al. (2021), MLP-Mixer: An All-MLP Architecture for Vision
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FNet: Fourier Token Mixing

Fourier transforms mix token information 

using a fixed linear operation.

The reported text-classification results 

motivate further study across tasks.

Lee-Thorp et al. (2022), FNet: Mixing Tokens with Fourier Transforms

125

https://aclanthology.org/people/j/james-lee-thorp/


Ordering Attention and Feed-forward Layers

Press et al. (2020), Improving Transformer Models by Reordering Their Sublayers 126



Changing Position Embeddings

Wang et al. (2021), On Position Embeddings in BERT, ICLR 127

https://openreview.net/profile?id=~Benyou_Wang2


DeepNorm and Deep Transformers

DeepNet: scaling Transformers to 1,000 layers

DeepNorm rescales the residual connection and uses a corresponding initialization.

LayerNorm(𝑥 + 𝐹(𝑥))

The design aims to combine stable optimization with strong deep-model performance.

Wang et al. (2022), DeepNet: Scaling Transformers to 1,000 Layers

LayerNorm(𝛼𝑥 + 𝐹(𝑥))

128

https://browse.arxiv.org/pdf/2203.00555.pdf


Wider or Deeper Models?

Go Wider Instead of Deeper

WideNet shares parameters across blocks and expands capacity with experts.

Each expert needs enough training tokens.

Xue et al. (2021), Go Wider Instead of Deeper 129

https://arxiv.org/abs/2107.11817
https://arxiv.org/search/cs?searchtype=author&query=Xue,+F


Lecture Roadmap

1 NLP tasks and representations

2 Inductive bias: semantic abstraction and composition

3 Architectures for Neural representations

3.1 Multilayer perceptrons

3.2 Convolutional networks

3.3 Recurrent networks

3.4 Transformer

4 Scaling laws and emergence
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Scaling Laws
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Scaling Model, Data and Compute

Kaplan et al. (2020), Scaling Laws for Neural Language Models

Language-model loss often follows predictable trends as model size, data and compute 

increase.
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Predicting Performance at Scale

Measure smaller runs, fit a trend, then test a prediction at a larger scale.

1

2

3

4

5

6

10⁻¹⁰ 10⁻⁸ 10⁻⁶ 10⁻⁴ 10⁻² 1

Held-out code loss (bits per word)

Training compute, relative to the final run (log scale)

1  Observe small runs

2  Fit a scaling curve

3  Predict the large run

4  Check the observed loss

OpenAI (2023), GPT-4 Technical Report, Figure 1. Approximate visual reconstruction.
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Model Capacity and Training Budget

Hoffmann et al. (2022), Training Compute-Optimal Large Language Models

Tyl (2023), Chinchilla’s Death

Small models can learn quickly early in 

training.

Larger models may achieve lower loss 

when given more training compute.

The best choice depends on the budget.
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Scaling Curves and Learning-rate Schedules

Source: Chinchilla’s Death, espadrine.github.io

Token budget and learning-rate schedule

Curves change slope over training.

A flatter endpoint can also reflect the 

cosine learning-rate schedule.

Interpret capacity limits together with 

the optimization setup.
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Comparing Models at Fixed Compute

Source: Chinchilla’s Death, espadrine.github.io

At fixed compute, 

compare how much each 

model learns within the 

same budget.

Longer training may change the ranking; extrapolation remains uncertain.
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New Dimensions of Scaling

Parallel scaling

Sample multiple candidates and select using a verifier.

Sequential scaling

Generate more intermediate reasoning tokens.

Examples include OpenAI o1 and DeepSeek R1.

Yu, Li and Wang (2025), Scaling Flaws of Verifier-Guided Search in Mathematical Reasoning
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Training-time and Test-time Compute

OpenAI, Learning to Reason with LLMs

o1 improves with more reinforcement-learning compute during training and more 

reasoning compute at test time.

These budgets differ from pre-training.
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Scaling Agent Systems

Source: CAMEL-AI

More agents alone

may offer limited gains.

Environment interaction

is a promising direction.

Learning requires useful

feedback from the environment.
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New Scaling Directions

A useful scaling proposal names both the resource and the measurable return.

What increases? What should improve?

Data and experience More coverage, feedback or verified examples?

Reasoning and search More useful computation before the final answer?

Memory and tools More relevant knowledge available when needed?

Model structure More effective capacity per unit of compute?

Coordination Better division of work, after communication cost?

Compare gains at matched cost, latency and evaluation quality.
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Emergent Abilities
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Emergent Abilities in Language Models

Wei et al. (2022), Emergent Abilities of Large Language Models

Example: few-shot prompting

The apparent onset depends on the task, 

baseline and evaluation metric.

An ability may appear near the random baseline in small models and become 

measurable in larger models.
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Emergence and the Choice of Metric

Nonlinear or discontinuous metrics can make smooth improvements look abrupt.

Schaeffer et al. (2023), Are Emergent Abilities of Large Language Models a Mirage? 143
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Course Project Discussion

• Final reports

• Research track: sharpen the question and evaluation.

• Application track: define users, needs and evidence of value.

• Assignments

• Discuss current obstacles and feedback.
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Backpropagation: Worked Examples
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Backpropagation

The loss assigns a local correction to every weight along the same graph.

Input x Hidden h Logits z Class probabilities

1.00

0.50

−1.00

2.00

Linear

+ ReLU

W₁: 3 × 4

1.50

0.50

0.75

Linear

W₂: 2 × 3

0.18

−0.25
softmax

Negative 60.5%

Positive 39.5%

Target: positive

The model gives the correct class only 39.5%. Its loss is 0.928.

How should each weight change to make this example less wrong?

Start at the output:  δ = p − y = [ +0.605, −0.605 ]

Decrease the negative score and increase the positive score.

One weight connects h₂ = 0.50 to the positive score.

Its gradient is  (−0.605) × 0.50 = −0.302.  Increasing it reduces loss.

The whole output matrix follows the same rule:  ∂L/∂W₂ = δ hᵀ

Every weight receives an error signal scaled by the feature it used.

Pass the error to hidden features:  ∂L/∂h = W₂ᵀ δ

[ +0.302, −0.544, +0.181 ]   ReLU passes it through active units.

Update all parameters:  θ′ = θ − 0.2 ∇L

For the highlighted weight:  0.500 − 0.2 × (−0.302) = 0.560

1.06

1.29

0.49

−0.69

0.76

Negative 18.9%

Positive 81.1%

A fresh forward pass gives positive 81.1%, with loss 0.210.

The same input now receives more probability on the correct class.

Forward: make a prediction.  Backward: compute responsibility.

Update the weights, then measure the new loss.  0.928 → 0.210

A gradient measures sensitivity. Its sign tells the optimizer which direction reduces local loss.
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Backpropagation on a Computation Graph

𝑓(𝑥, 𝑦, 𝑧) = (𝑥 + 𝑦)𝑧

x = −2,  y = 5,  z = −4

𝑞 = 𝑥 + 𝑦 = 3

𝜕𝑞

𝜕𝑥
= 1,

𝜕𝑞

𝜕𝑦
= 1

𝑓 = 𝑞𝑧 = −12

𝜕𝑓

𝜕𝑞
= 𝑧 = −4,

𝜕𝑓

𝜕𝑧
= 𝑞 = 3

x = −2

y = 5

z = −4

+

×

q = 3

f = −12

1

3

−4

−4

−4

Forward values Backward gradients

∂f/∂x = (∂f/∂q)(∂q/∂x) = −4 × 1 = −4.
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The Local Rule for Backpropagation

A node receives the gradient of the loss with respect to its output.

z = f(x, y)

x

y

z

𝜕𝐿

𝜕𝑧

𝜕𝐿

𝜕𝑥
=

𝜕𝐿

𝜕𝑧
×

𝜕𝑧

𝜕𝑥

𝜕𝐿

𝜕𝑦
=

𝜕𝐿

𝜕𝑧
×

𝜕𝑧

𝜕𝑦

Input gradient = upstream gradient × local derivative
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A Sigmoid Computation Graph

𝑓(𝑤, 𝑥) =
1

1 + exp(−(𝑤0𝑥0 + 𝑤1𝑥1 + 𝑤2))

×

×

w₀, x₀

w₁, x₁

+ + w₂ −1 × exp + 1 1 / x

w₀x₀ + w₁x₁ + w₂

The same sigmoid function can be decomposed into simple operations.
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Backpropagation Through Elementary Operations

𝑓(𝑤, 𝑥) =
1

1 + exp(−(𝑤0𝑥0 + 𝑤1𝑥1 + 𝑤2))

×

×

w₀, x₀

w₁, x₁

+ + w₂ −1 × exp + 1 1 / x

−2

6

4 1 −1 0.368 1.368 0.731

w₀ = 2, x₀ = −1, w₁ = −3, x₁ = −2, w₂ = −3

𝑈𝑝𝑠𝑡𝑟𝑒𝑎𝑚 × 𝑙𝑜𝑐𝑎𝑙:
𝜕𝑓

𝜕𝑤0
≈ 0.20 × (−1) = −0.20

𝜕𝑓

𝜕𝑥0
≈ 0.20 × 2 = 0.40

Local rules: d(exp x)/dx = exp x

d(1/x)/dx = −1/x²; d(ax)/dx = a; d(c+x)/dx = 1
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The Sigmoid Module and Its Derivative

𝑓(𝑤, 𝑥) =
1

1 + exp(−(𝑤0𝑥0 + 𝑤1𝑥1 + 𝑤2))

𝜎(𝑥) =
1

1 + 𝑒−𝑥

SigmoidInput: 1 Output: 0.731

𝜎′(𝑥) =
𝑒−𝑥

(1 + 𝑒−𝑥)2
= 𝜎(𝑥)(1 − 𝜎(𝑥))

Upstream gradient × local derivative

1.00 × 0.731 × (1 − 0.731) ≈ 0.197

A computation graph is not unique.

Choose modules with simple local 

gradients.
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Forward and Backward Module Interfaces

A custom multiplication operation caches the inputs during the forward pass.

class Multiply(torch.autograd.Function):

@staticmethod

def forward(ctx, x, y):

ctx.save_for_backward(x, y)

return x * y

@staticmethod

def backward(ctx, grad_z):

x, y = ctx.saved_tensors

grad_x = y * grad_z

grad_y = x * grad_z

return grad_x, grad_y

Forward

z = x × y

Backward

Each input receives the 

upstream gradient 

multiplied by the other 

input.

𝜕𝐿

𝜕𝑥
=

𝜕𝐿

𝜕𝑧
· 𝑦

𝜕𝐿

𝜕𝑦
=

𝜕𝐿

𝜕𝑧
· 𝑥
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Sigmoid in PyTorch

Forward implementation

𝜎(𝑥) =
1

1 + 𝑒−𝑥

return 1 / (1 + std::exp(-a));

Backward implementation

𝜎′(𝑥) = 𝜎(𝑥)(1 − 𝜎(𝑥))

z = output;

grad_input = grad_output * (1 - z) * z;

The backward pass reuses the forward output z.

Both implementations express the same sigmoid and its derivative.

Historical PyTorch example: aten/src/THNN/generic/Sigmoid.c
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Saturated sigmoid or tanh units have very small derivatives.

Initialization should keep activations in a region with useful gradients.

Vanishing Gradients with Sigmoid

derivative approaches zero
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Dying ReLU Units

A unit can stop learning when all training inputs fall on its flat side.

Activation

-2 -1 0 1 2

Pre-activation z

𝑎 = max(0, 𝑧)

Active input

1  Positive input

The unit passes a signal and a gradient.

Inputs after a large update

2  Every example has z < 0

The output is zero for every training example.

3  The gradient is blocked

𝜕 𝐿

𝜕 𝑤
=
𝜕 𝐿

𝜕 𝑎
· 0 · 𝑥 = 0

Smaller updates and suitable initialization reduce the risk. Leaky ReLU keeps a negative-side slope.

Maas et al. (2013), Rectifier Nonlinearities Improve Neural Network Acoustic Models
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Exploding Gradients in RNNs

Repeated state transformations can amplify or shrink gradients.

H = 5; T = 50

Whh = np.random.randn(H, H)

hs = {-1: np.random.randn(H)}

ss = {}

for t in range(T):

ss[t] = Whh @ hs[t - 1]

hs[t] = np.maximum(0, ss[t])

dhs = {T - 1: np.random.randn(H)}

for t in reversed(range(T)):

dss = (hs[t] > 0) * dhs[t]

dhs[t - 1] = Whh.T @ dss

Forward

Apply the shared matrix, then 

ReLU.

Backward

Apply the ReLU mask, then the 

transposed matrix.

Large products of local Jacobians 

amplify gradients. Small products 

weaken them. ReLU masks also 

matter.

Gradient clipping controls gradient magnitude. Gates regulate information flow.
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